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I. INTRODUCTION. 

In the best-known special case, the AdS/CFT correspondence [1] is a duality be- 
tween quantum gravity on an (n -|- 1)— dimensional AdS background (for certain n) and 
a Yang-Mills superconformal field theory on the n— dimensional boundary of the Penrose 
compactification. That this is indeed a special case is emphasised in Ref. [2], where it 
is also argued that more general cases are best treated by Euclidean methods. In the 
Euclidean picture, the bulk is an (n + 1)— dimensional hyperbolic space if"+^ (topology 
M. ); it may be regarded as the warped product of M with M", with metric 
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^ = dy^dy + e+^y/^ g[^dx'(g)dx^, (1.1) 



where y G (—00, 00), L is a constant, gf^ dx^ ®dx^ is a flat Euclidean metric, and the Ricci 
curvature of g^ satisfles 

Ric(^^) = -^ g"". (1.2) 

The conformal boundary consists of a copy of MT" at "y = +00" together with a point at 
"y = —00", and so it has the topology of S""^, the n— sphere, the one-point compactiflcation 
of MT . [Notice that the sections y = constant have a different topology : each is a copy of 
MJ^.] The metric g^ induces a conformal structure rather than a metric on the boundary. 
This is the purely geometric aspect of the duality. 

The AdS/CFT correspondence has proved to be an extremely useful tool for exploring 
otherwise inaccessible aspects of quantum gravity. It is natural to ask whether it is more 
than this : can something resembling [a Euclidean version of] the real world arise within the 
AdS/CFT geometry"! One immediately thinks, of course, of the Randall- Sundrum "brane 
world" [3] , which sits at the origin of a 5-dimensional space with metric 

gRS = dy®dy + e-2|^l/-^ gf- dx' ® dxK (1.3) 

Indeed, evidence for some kind of AdS/CFT/Randall-Sundrum "complementarity" has 
been adduced [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16]. For example, in Ref. [10] 
the corrections to the Newtonian gravitational potential are computed from both points of 
view, and are found to have the same form. The agreement becomes precise provided that 
the curvature parameter L in the Randall- Sundrum metric is equated to its counterpart in 
g^ — again strongly suggesting that we are dealing here with two aspects of one geometry. 
A clearer and more concrete interpretation would be that we are dealing with two different 
regions of a single Riemannian manifold with curvature parameter L. 

While g^ and g^^ are obviously closely related, the global structures of the respec- 
tive manifolds are of course very different; and these differences are crucial. First, the 
Randall- Sundrum space has no access to any region analogous to the region of H^ where y 
takes large positive values, and this is essential for "trapping" gravity on the brane-world. 
Second, this excision of the "large end" of H^ results in a manifold which is not geodesi- 
cally complete. Again, this incompleteness (due to the "jump" at y = 0) may well play 
an essential role in gravity trapping (see [14] [16], and the references therein). Thirdly, as 
was pointed out above, the topology of the conformal boundary of H^ is that of S^, and 
thus is very different to that of the brane-world; this is no mere technical bagatelle, for 
the compactness of the boundary ensures the uniqueness of the correlation functions of the 
conformal fleld theory deflned there. 

Despite these global differences, there is no denying the appeal of the notion that 
the brane world results from a UV cutoff of AdS/CFT, with a corresponding non-trivial 



coupling of the CFT to gravity [4]. From this point of view, AdS/CFT should be regained 
from the Randall- Sundrum space by some kind of limiting process. But what is this 
process? How can it resolve the global differences discussed above? The metrics g^ 
and g^^ appear to have no adjustable parameter other than L; how can we introduce a 
new parameter into g ^ such that g^ is obtained in the limit? What is the geometric 
significance of this new parameter? 

We wish to argue that these questions are best answered in the context of a rad- 
ical reformulation of the geometric background of AdS/CFT. The fact that the familiar 
bulk/boundary formulation of AdS/CFT must be generalised in some way is already recog- 
nised in [2] : ultimately, we expect a fully general AdS/CFT correspondence to relate gauge 
theory on an arbitrary compact manifold to string theory on a related higher-dimensional 
Einstein manifold of negative scalar curvature. However, as we move beyond simple mani- 
folds like S^ and S^ x S"^~^, we soon encounter manifolds of non-zero Hirzebruch signature, 
and these simply cannot be represented as the boundary of any manifold-with-boundary 
[17]. A familiar example of this is the K?> manifold. Even if we leave this problem to one 
side, there are serious practical difficulties in carrying out this programme. For example, 
every four-dimensional compact flat manifold is the quotient of the torus T^ by some fi- 
nite but possibly very complicated group. All such manifolds can be represented as the 
boundary of some five-dimensional manifold-with-boundary, but this fact is established in 
an abstract way using index theory, not by a concrete construction; to exhibit an Einstein 
metric on the interior of this space [inducing on the boundary the conformal structure 
corresponding to the given flat metric] is, in general, a formidable task indeed. We have 
shown elsewhere [18] that the first of these problems is solved by interpreting "infinity" as 
a compact submanifold of a compact manifold rather than as the boundary of a manifold- 
with-boundary. [As we shall explain below, cobordism theory indicates that this is really 
the only natural way of dealing with this problem.] The "bulk" is then the (non-compact) 
complement of the infinity hypersurface. This is indeed a generalisation of the usual ap- 
proach; for while it is essential if we are to deal with non-boundary manifolds like -ftTS, it 
also works perfectly for manifolds like spheres and tori which happen to be boundaries. 
The second problem is then automatically solved, since, as we shall show here, it is quite 
easy to exhibit Einstein metrics defined on the bulk if the latter is interpreted in this way. 

If we accept that this is the correct geometric formulation of AdS/CFT, then a pair 
of beautiful results due to Witten and Yau [19] and Cai and Galloway [20] essentially 
imply the following remarkable result : if we require the bulk to be Einstein with negative 
scalar curvature, then the bulk cannot be geodesically complete. Something like the brane- 
world arises in the bulk not because it has been inserted "by hand", but because the 
geometry requires it to do so. The Einstein condition on the bulk strongly constrains 
the local geometry, and yet, by forcing us (via incompleteness) to "cut and paste", it 



opens up a host of interesting new global structures for the higher- dimensional space. A 
very simple and natural example of this construction will allow us to represent the brane- 
world as residing in a space which is essentially connected to the "AdS/CFT region" 
by a wormhole. The solution contains, as so often, negative-tension branes, but these 
are confined to the throats of the wormhole - where, one might say [21], they belong. 
The parameter which controls the extent to which the brane world resembles AdS/CFT 
infinity is the width of the wormhole, or, equivalently, the tension of the wormhole branes; 
the topology of infinity is always identical to that of the brane world; and there is a 
clear and precise sense in which the AdS/CFT picture is obtained from the brane world 
as the parameter tends to its limiting value. Finally, the wormhole approach can be 
reconciled with the usual bulk/boundary formulation of AdS/CFT by taking another limit 
of this parameter, in which the wormhole effectively pinches off and converts the infinity 
hypersurface to an effective boundary, destroying all the branes and restoring geodesic 
completeness. Thus, the new approach does not completely replace the standard one: 
instead it reveals the latter as a special, limiting case of a more general geometry in which 
the bulk is generically non-smooth. In short, the reformulation advocated here allows us 
to understand the differences between the AdS/CFT picture and the Randall-Sundrum 
cosmology, and provides a suitable arena for discussing their relationship. 

We begin with a rapid summary of the relevant geometric ideas. 

II. SPIN COBORDISM AND EINSTEIN METRICS 

Let A^" be a smooth, compact, n— dimensional submanifold of a compact {n + 1) — 
dimensional manifold M^~^^. Let / be a smooth function on M"^"'"^ which is positive on 
the complement M"+^ = M^~^^ — N^ but which vanishes to first order on A^"^. Suppose 
that we can find a metric g^ on M"^^^ and a function / as above, such that /^ g^ extends 
continuously to N'^. Then N"^ is "at infinity" for points in the "bulk", M^~^^. Any instance 
of the usual bulk/boundary formulation of AdS/CFT can be interpreted in this way by 
simply taking two copies and identifying them along the boundary. A more interesting 
construction results, however, when one considers how to deal with a CFT defined on a 
manifold which is not a boundary. 

Let P" and Q^ be compact n— dimensional spin manifolds. Let — Q" be obtained from 
Q^ by reversing orientat ion, and let P^ + (— Q") be the disjoint union. One says that P" 
and Q" are spin cobordant [22] if there exists at least one compact manifold-with-boundary 
R^+^ with P" + {—Q"') as boundary and with an interior P"+^ which is spin and which 
induces the given spin structures on P^ and — Q". The spin cobordism equivalence classes 
in dimension n form an abelian group, the spin cobordism group fi^^™. In particular, 
^4^^" is not trivial : there are (infinitely) many distinct 4-manifolds which are not spin 
boundaries. 



Let A^"^ be a compact manifold on which we wish to investigate the generahsed 
AdS/CFT correspondence [2], but suppose that A^"^ is not spin cobordant to zero, so 
it is not the spin boundary of any manifold- with-boundary. The fact that O^p'" is a group 
points the way to a solution of the problem, for clearly the class represented by A^"^ has an 
inverse: that is, the non-boundary A^"^ can always be cancelled by another non-boundary, 
say P". That is, there exists a manifold- with-boundary M""'"^ with A^"^ + (— P") as bound- 
ary. Let g^ be a metric on the interior, M"^"*"^, such that A^"^ -|- {—P^) is the conformal 
boundary relative to g^; thus we have represented A^"^ as one connected component of 
the boundary, which is the best we can do. However, there are strong objections to dis- 
connected boundaries in the generalised AdS/CFT correspondence [19], so this procedure 
only exchanges one problem for another. The only way to avoid this conclusion is to pick 
P^ to be A^"^ itself, and then perform a topological identification, obtaining a compact 
manifold M"^"'"^ (without a boundary) which contains A^"^ as a "hypersurface at infinity". 
The fact that A^"^ is not a boundary is no longer relevant. Clearly this is a simple and 
compelling way of dealing with non-boundary manifolds; it is hard to see how else they 
can be handled. Furthermore, we shall see below that the more familiar bulk/boundary 
formulation of AdS/CFT can be regarded as a limiting case of this geometry. In view of 
this, we advocate the hypersurface interpretation of "infinity" in all cases, even when A^" 
is a boundary. 

Now let us consider the geometry of the compact manifold A^"^. It is clear that, because 
the function / introduced above is not unique, the metric g^ on the bulk, M""'"^, does not 
induce a Riemannian structure on A^"^, but rather a conformal structure. We may therefore 
take it, without loss of generality [23], that the relevant metric on A^"^ has constant scalar 
curvature. It was pointed out in [24] that this constant must not be negative, since otherwise 
the conformal field theory at "infinity" will become unstable. Now this constraint on A^"^ 
has extraordinary consequences for the bulk, M"^"'"^. It turns out [18] that if [a] the compact 
manifold M'^^^ is constructed via the spin cobordism argument given above, [b] the bulk 
M"+^ is orientable, [c] A^"^ has positive or zero scalar curvature, and [d] the metric g^ on 
the bulk has Ricci tensor Ric [g ) = —-r^g , then M"'^^ cannot he geodesically complete. 
This follows from the very remarkable work of Witten-Yau [19] and Cai-Galloway [20]. 
In simple examples, the incompleteness manifests itself as one or more regions where g^ 
fails to be smooth. In other words, in this formulation of AdS/CFT, Randall- Sundrum 
style jumps are perfectly natural — indeed, they are inevitable. Physically, this means that 
a fully general formulation of AdS/CFT necessarily entails the presence of branes in the 
bulk — as foreseen in [2]. Mathematically, it means that, when constructing bulk solutions 
of Ric (g ) = —ynd ' *^ ^^^ ^^^^ °^ ^^^ (very restrictive) condition of smoothness, and 
this allows new and interesting geometries for the bulk. 



The simplest possible cobordism from A^"^ to itself is given by a cylinder. Identifying 
the two copies, we obtain M""*"^ = S^ x N"^, where 5"^ is a circle. Even in this simplest 
possible case, there are many interesting geometric structures, so we shall confine our 
investigation to this case. Again, we stress that even if A^" is a boundary, there are 
definite advantages in constructing the bulk in this way, since, as we shall see, it is easy 
to construct Einstein metrics on the bulk even if the metric of A^" is very complex or 
not known explicitly. By contrast, this could be very difficult in the usual bulk/boundary 
approach. 

Parametrise the circle by 9 running from — tt to H-tt, and think of "infinity" as residing 
at ^ = 0. We shall look for metrics of the general form 

g^ = A^{e)[L^de ® de + B^{e)g% (ii.i) 

where L is a constant, g^ is a Riemannian metric on A^"^, B(9) is a positive function which 
does not tend to zero as 9 tends to zero, and A{9) is a positive function such that 1/A{9) 
has a first-order zero at ^ = 0. Then g^ will be a metric on the non-compact "bulk", 
M"+^ = [S^ — {0}] X A^"^, such that points in the hypersurface ^ = are "infinitely far" 
from any point in the bulk. As we have stressed, the compact manifold at infinity can have 
an otherwise arbitrary topology - it could be the K3 manifold, for example. 

Our objective is to solve the bulk Einstein equation, Ric (g^) = —To 9 • -'-^ ^^i^ we 
will be guided by the following lemma, the proof of which is straightforward and will be 
omitted. 

LEMMA: With the above notation, g^ is an Einstein metric only if g^ is an Einstein 
metric. 

In view of the requirement that the scalar curvature of A^" should not be negative if the 
CFT at "infinity" is to be stable, this means that we have two cases to consider. The more 
interesting of the two is the Ricci-fiat case, so we begin with it. 

III. RICCI-FLAT "INFINITY" 

We now set n = 4 and take A^"^ to be Ricci-fiat: thus A^^ could be a four-torus T^ 
(in which case the compact five-dimensional manifold M^ is T^), or a quotient of T^ by 
a finite group, or K?>, and so on. As we know, there are no smooth solutions of Ric 
{g ) = —-TT^g of the kind we require, and we must bear this in mind when solving the 
equation; we must do it "piecewise". 

When A^^ is Ricci-fiat, the solutions have the following local form: 

A{9) = 1/{K - 9), B{9) = J, (III.l) 



where K and J are constants. The global solution has therefore to be patched together 
from "pieces" of this form, so that A{6) and B[9) are continuous functions on S"^ — {0}, that 
is, on the set (— tt, 0) U (0, tt]. An interesting global solution of this kind is the following: 

g^ = ^ \L^de ®de + (2a - nfg^'^] , 6* G (0, a] U [-«, 0), 

= 7^^Z-m2 [^''dO ®de + (2a - nfg"^^] , ^ G [a, tt], (IIL2) 

= (o im2 [^'^^ ® ^^ + (2« - ^)'^''T ' ^ e (-TT, -a]. 
[la + yj^ 

Here a is a constant angle in the range ( — ,7r), and g^^ is Ricci-flat. Note that the 
introduction of the parameter a is the inevitable consequence of the "singularity theorem" 
discussed earlier : it describes the relative positions of the points on the circle where the 
metric fails to be smooth. 

Clearly g^ is well-defined everywhere on M^ = S^ x N^, except at ^ = 0, which 
is "infinity". However, g^ does induce a conformal structure on infinity, represented by 
the Ricci-flat metric g^^ . Elsewhere, g^ is smooth except at ^ = a, ^ = —a, and , 
perhaps a little less obviously, at ^ = tt. At ^ = tt there is a positive-tension brane which 
we interpret as the brane- world; the topology is that of A^"^, and the metric induced by 
g^ is precisely g^^ . As we move away from the brane- world (in either direction), the 

sections 9 = constant rapidly shrink, the induced metric being g^^ multiplied by the 

(2q; — 7r)^ 
factor —7-, which is less than unity. This continues until 9 = ±a is reached, where 

{2a tO)^ 

{2a - 7r)2 

the scaling factor reaches the value ^ ; beyond this, the sections increase in size 

a^ 

without limit as 6* = is approached. If a is assumed to be only slightly larger than — , 

(2a — tt)^ 

then is positive but very small. The physical picture is then as follows. We 

a 
have a Randall-Sundrum brane-world at ^ = tt, with the manifold rapidly shrinking away 

to either side. The "narrow" region, however, proves to be the entrances of a wormhole 

with negative-tension branes at the throats; the other side of the wormhole is an infinite 

region of the kind familiar in AdS/CFT theory. Thus, the Randall-Sundrum world can 

indeed arise naturally in an AdS/CFT geometry : it lives deep inside a wormhole. The 

extent to which each "world" can infiuence the other is controlled by the parameter a, 

which determines the width of the wormhole throats. 

Let us examine the ways in which this global structure addresses the questions raised 
in the Introduction. First, the geometry does clearly reconcile the differing natures of the 
Randall-Sundrum and AdS/CFT geometries; the former arises within a wormhole in the 
latter; this explains the equality of the L parameters on the two sides of the calculation in 



[10]. Second, the lack of smoothness in the RandaU-Sundrum geometry is now explained 
by AdS/CFT - it is an inevitable consequence of the Witten/Yau/Cai/Galloway theorems. 
Third, the topology of the brane world {9 = n) is the same as that of AdS/CFT "infinity" 
(^ = 0) : both are diffeomorphic to A^"^, and both have essentially the same geometry (given 
by the Ricci-flat metric g^^ on the brane world, and by the conformal structure represented 
by g^^ at ^ = 0). This is in contrast to the usual picture, in which "infinity" is S"^ and thus 
has a very different topology and geometry to the brane-world. Thus, in the new picture, 
it is at least topologically possible to imagine a limiting process whereby the brane-world 
comes to resemble the AdS/CFT picture. Before discussing that, however, we wish to 
point out the following simple yet very appealing property of the above geometry. Notice 
that there is an obvious asymmetry between the AdS/CFT and the RandaU-Sundrum sides 
of the wormhole : on one side the manifold flares out to "inflnity" , while on the other it 
begins to do so but is abruptly halted at the brane-world. This happens simply because 
9 is bounded — values beyond it are meaningless. Thus we can say that the UV cutoff 
implicit in the brane-world is a consequence of the topology of the five-dimensional world. 

Now let us ask what happens if a (which always lies in the range — < a < tt) is taken 

TV 

to be arbitrarily close to — . Note that the brane-world, at ^ = tt, has a metric g^^ which 
does not depend on a, while the metric at ^ = a is 5 g . For an observer at the 

TV 

throat, therefore, the brane-world tends to become inflnitely large as a tends down to — . 
The distance d{9, w) from any point at a fixed value of 6* G [a, w] to the brane world is 

di9,7r)^Lin (^^), (111.3) 

and this becomes arbitrarily large; the brane world recedes to infinity. In short, by taking 

TV 

a sufficiently close to — , we can effectively (though not truly) isolate the brane-world 

TV 

from AdS/CFT "infinity"; by taking it still closer to — , we can cause the interior of the 
wormhole to resemble its exterior. Thus we have a precise formulation of the notion that 
AdS/CFT can be recovered from the RandaU-Sundrum cosmology by some continuous 
process. The relevant parameter is essentially the width of the wormhole throats, or, if 
one prefers, the magnitude of the tension of the branes there (which is also related to 
2a -n). 

The reader is entitled to object that the metric (111.2) bears no obvious relation to the 
RandaU-Sundrum metric (1.3) or to the Euclidean AdS metric (I.l). Before we explain this, 
the reader may wish to refiect on the respective roles played by Schwarzschild coordinates 
and Kruskal-Szekeres coordinates in the study of the Schwarzschild solution in general 
relativity. The former have their uses, but they are profoundly misleading regarding the 



true global structure of the underlying spacetime manifold [25]. In particular, they conceal 
the wormhole structure of the full spacetime. We claim that the familiar coordinate y does 
a similar disservice to the study of (1.1) and particularly (1.3). To see the point, take (111.2) 
and change the coordinate 6 as follows. If 6* G [a, tt], define y by 

^y/L ^ 2a-^^ ^ ^ ^^^^ ^^ iir^A ■ (ni.4) 

2a — Tx \2a — IT J 

A straightforward calculation reveals that, for these values of 9, the metric (III. 2) becomes 

g^ = dy®dy + e'^y/^ g^^ . (III.5) 

If 6* G (— TT, —a], define y by 

^-y/L^^+l^ yG[-y«,0). (III.6) 

Za — IT 

In this range, (HI. 2) becomes 

g^ = dy®dy + e^^'^g^^, (III.7) 

and so, for y G [— J/a, +ya\ we have 

g^ = dy(ddy + e-^\y\'^ g^^, (III.8) 

and so we have recovered the Randall- Sundrum metric, except that the fiat metric g^ in 
(1.3) has been replaced by a Ricci-fiat metric g^^ . (The fact that this replacement does 

not affect the Einstein equation Ric {g ) = —y^g is explained in [26], page 268.) 
For 9 G (0, ct], define y by 

= (^^) e-"/^, y e [ya, oo), (III.9) 

and for 9 G [—a, 0) define it by 

Then (III. 2) becomes 

g'^ = dy^dy + e+^l^l/^ (e-^^"/^^;^^) , y G (-00, -yj U [y«, 00). (III.ll) 



Bearing in mind the fact that e ^^"' g is Ricci-flat since (7^^ is Ricci-flat, we essentially 
have here two copies of the (Ricci-flat generalisation of) the Euclidean AdS metric (I.l). 

If we take the manifold A^^ to be the torus T^, so that the five- dimensional world is 
T^, and if we take g^^ to be a fiat metric on T^, then (III. 8) is locally identical to (1.3), 
and (apart from a constant scaling factor) (III. 11) is locally identical to (I.l). The true 
global structure of this space is, however, utterly unlike the picture suggested by (III. 8) and 
(III. 11). In particular, (III. 11) very misleadingly suggests that "infinity" (at y = —00 and 
y = +00) is disconnected, which would lead directly to the paradox discussed by Witten 
and Yau [19]. In fact, of course, "infinity" is connected. (Let y — *> 00 in (III. 9) and let 
y-^ -00 in (III.IO).) 

Our claim, then, is that the familiar y coordinate in the Euclidean AdS metric (I.l) 
and in the Randall- Sundrum metric (1.3) is akin to Schwarzschild coordinates : very useful 
for many applications, but profoundly misleading as an indicator of global structure. The 
analogue of Kruskal-Szekeres coordinates here is the circular coordinate 9, and the global 
structure is to be read off from (III. 2). We have found that this global structure accounts for 
AdS/CFT/Randall-Sundrum complementarity in a way that answers all of the questions 
raised in the Introduction. 



-A,g^ of the form (II.l) 



IV. RICCI-POSITIVE "INFINITY" 

The other potentially interesting solutions of Ric {g ] 

are obtained when A^^ is a compact Einstein manifold of positive scalar curvature. In fact, 
the metric g^ on A^^ must be normalised to satisfy 

3 



mc{g^) = -^ gr 



(IV.l) 



As in the Ricci-fiat case, we know that there are no geodesically complete solutions, so we 
must be prepared to patch a global solution together from local pieces. A local solution of 
the form (II.l) is given by 



A(e) = ^cosec (K-^-), B{e) = 2 cos(K - ^; 



(IV.2) 



where AT is a constant, and so we can obtain a global solution on (— 7r,0) U (0, tt] of the 
following kind : 



M 2 / ^ 

g = cosec ( - 



^-L^de®de + cos''(^-]g'' 



cosec a — 



cosec a + 



-L^ de ®de + cos^ ia ) ^f^ 



-L^ d9'S)d9 + cos^ (a+-]g^ 



e e (0,a] U[-a,0) 

e G [a, n] (IV.3) 

9 E (— TT, —a]. 
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,7r 



,M\ 



,M 



where a is a constant angle in ( — , tt). This is a solution of Ric {g 

g^ satisfies (IV. 1). Clearly g^ is well-defined and continuous everywhere in the "bulk" 



-—rg provided 



and it induces the conformal structure represented by g on "infinity" , which is at ^ = 0. 



This solution shares many of the virtues of (111.2) : there is a brane-world at ^ = tt, 
deep inside a wormhole with throats at ^ = ±a; the brane-world has the same topology as 
"infinity" ; as before, the characteristic Randall- Sundrum lack of smoothness is explained 
by AdS/CFT, via the Witten/Yau/Cai/Galloway theorems; and so on. In (IV.3), the 
metric at ^ = a is cot'^( — )q , which tends to q^ as a is taken closer to — . On the other 

hand, the metric induced on the brane-world is tan^(a)(7^, which increases without bound 

TT 

as a decreases towards — . Relative to the length scales used by an observer on the brane- 
world, therefore, the throats of the wormhole shrink to zero size in this limit; the distance 
from them to the brane-world tends to infinity; as before, the interior of the wormhole 
comes to resemble its exterior, in a clear-cut way; there is a clear sense in which AdS/CFT 
is a "limit" of the brane-world. 



If we choose A^" to be the four-sphere 5"^ with its usual metric g of constant curvature 
1/L^, then (IV.3) has another very interesting limit, namely that in which a tends to tt. In 
this limit, the brane world shrinks to zero size, the negative-tension branes coincide with 
the brane-world, and the wormhole pinches off. Surprisingly, however, the metric becomes 
more rather than less smooth as this occurs. To see this, for 9 G [a, tt], define a coordinate 
X by 



2 tan(Q; — 



9. 



2Xr 



X 



^J e/-' fy tAy 



(IV.4) 



Here x G [x7r,iCa], where Xj^ and x^ are the values of a; at 6* = tt, a respectively. Then 
(IV.3) becomes 



9"" = 



^ _ / 2Xa-x y 



dx ® dx + 



2Xr 



X 



(IV.5) 



This represents a piece of hyperbolic space, H^, corresponding to one side of the bulk 
adjacent to the brane-world. For 9 G [0,q;], define x by 



. 9\ L X r 7-1 

2tan(-l= — , xe[Xc,L\, 



(IV.6) 



and now (IV.3) is 



M 



(1 
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'f 



2 

dx ® dx -\- —rg 



(IV.7) 
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representing another piece of H^, in this case extending to "infinity" at x = L. As before, 
these coordinates put (IV. 3) into a more famihar form, at the cost of completely concealing 
the topology of the underlying five-dimensional space — which, in this case, is that of 
S^ X S"^. Notice however that if a tends to tt, then Xq, tends to zero, meaning that (IV. 7) is 
valid over the whole range of values of x from zero to L, and so, as claimed, we obtain all 
of H^, with its usual complete metric. Since the wormhole has pinched off, the sphere at 
infinity may now be regarded as a boundary rather than merely as a hypersurface. [To be 
precise, we now have two copies of H^ identified along their conformal boundaries.] The 
usual bulk/boundary geometry is now seen as a limiting case of the wormhole geometry. 
[Strictly speaking, we cannot let the wormhole actually pinch off, since that would change 
the topology; however, we can take a so close to it that, from a physical point of view, the 
wormhole has pinched off for all practical purposes.] 



We conclude this section with the observation that there are, of course, many more 
;ions of Ric {g ) = ——rg compatible with tl 
(IV. 3) may be replaced by a metric having the form 



solutions of Ric {g ) = —-r^g compatible with the topology S^ x A^'^. For example 



g^ = cosec^ (^) [L^ de®de + cos^{e)g^] , ^ G (0, «] U [-a, 0) 
= cosec2(2a - e)[L^de ® dO + cos^{2a - e)g%e G [a, 0\ 

= cosec2(2a -2/3 + e)[L^de ® dO + cos^{2a -2/3 + e)g^], 6 G [/3, n] (IV.8) 

= cosec2(2a + e)[L^de dO + cos2(2a + e)g^], 9 G [-/3, -a] 
= cosec2(2a -2/3- e)[L^de ® dO + cos^{2a -2/3- e)g% 6 G (-tt, -/3] 

where a and /3 are constant angles which must satisfy 

^ < a < ^, ^ < /3 < 2a. (IV.9) 

This metric corresponds to a wormhole with throats at ^ = +a. The throats can be 

TT 

made arbitrarily narrow by choosing a sufficiently close to — . The wormhole contains two 
brane- worlds, at ^ = +(3\ these can be made arbitrarily large by taking (3 sufficiently close 
to 2a. The two brane-worlds are separated by a further throat at = tt, where there is 
another negative-tension brane. It is clear that one can construct arbitrarily complicated 
solutions in this way : the point to bear in mind is that, since it is impossible to construct 
a smooth solution, there is nothing unnatural about metrics like (IV.8). 
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V. CONCLUSION. 

The familiar bulk/boundary formulation of AdS/CFT must obviously be generalised 
to accommodate manifolds (such as K3 ) which are not boundaries. It was predicted in 
[2] that doing this will require the introduction of "branes or stringy impurities of some 
kind" into the bulk. This indeed proves to be the case [18]. 

The objective of this work has been to argue that Witten's "stringy impurities" in- 
clude our Universe. We saw that, within a framework sufficiently general to allow for 
non-boundary manifolds, an Einstein metric on the bulk cannot be geodesically com- 
plete. We are led to consider 5-dimensional compact manifolds with metrics built up from 
pieces of the form (11. 1). An example of an Einstein metric constructed so that AdS/CFT 
can be explored for K3 is given by (III. 2). We find that the generalised "AdS" space 
contains a wormhole, inside which there naturally arises a Randall- Sundrum type brane 
surrounded by a region with the familiar metric (III. 8). Finally, we have seen that the 
wormhole approach does not require us to jettison the standard bulk/boundary formula- 
tion of AdS/CFT. Instead, the latter is now seen to be a special limiting case, the case 
in which the wormhole effectively pinches off, destroying the branes, thereby restoring 
geodesic completeness and effectively converting the infinity submanifold to a boundary. 
[This pinching off is reminiscent of the constructions discussed in [27].] 

We do not, of course, claim to have a realistic cosmological model here. In order 
to construct such a model, one would have to begin by understanding the Lorentzian 
analogues of the Witten-Yau and Cai-Galloway results. [For ideas on how this might be 
done, using techniques given in [28], see [29].] It is not unreasonable to hope that, in 
the spirit of [2], our investigations may serve as a useful guide. In particular, our results 
suggest : 

[a] That the Randall- Sundrum coordinate y may conceal considerable topological com- 
plexity in the underlying 5-dimensional manifold. (See also [30].) 

[b] That wormholes in the AdS/CFT bulk may be important. (See also [31].) 

[c] That the AdS/CFT/Randall-Sundrum complementarity should be interpreted as ev- 
idence that AdS/CFT explains the existence of the brane-world - that is, of our Uni- 
verse. 
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The Randall-Sundrum geometry strikes many theorists as somewhat contrived: how 
could such a pecuhar structure arise? The answer advanced here is that, if wormholes 
develop in the AdS/CFT bulk, then a structure like the brane-world must develop inside 
the wormhole. On the other hand, the picture we have developed here does have two 
principal drawbacks. (1): One of the advantages of the "second" RS scenario is that, unlike 
the first [32] , it does not involve negative-tension branes. Here we have reintroduced them, 

TT 

at the wormhole throats. (2): We have assumed that the angle a is slightly larger than — . 
Why should that be so? 

Regarding point (1): Any in-depth discussion of brane tensions must take into account 
the remarkable results of [33] , which shows that correctly identifying brane tensions in the 
string context can be a very subtle matter. Leaving those issues to one side, however, 
we feel that Visser and Barcelo [34] have argued very persuasively that violations of the 
familiar positivity conditions on energy densities and tensions are virtually inevitable when 
scalar fields are present — as they are when one attempts to make brane-world models 
more realistic [35]. Indeed, it is argued in [35] that Randall-Sundrum style "kinks" can be 
smoothed if all tensions are positive [though it is questionable whether even this can 
be achieved in a fully supersymmetric treatment [14]]. Since the kinks in our model 
certainly cannot be smoothed, we take this as further evidence that negative-tension branes 
are unavoidable in our approach — as indeed one would expect in any theory involving 
wormholes [21]. 

In fact, it is very questionable whether the traditional aversion to negative tensions 
is really justified here. It is argued in [35] that negative tension branes are acceptable if 
they lie on space-time boundaries generated by taking a quotient of some manifold by a 
symmetry group which has fixed points. In our picture, the negative tension branes lie on 
the boundaries of two such spaces [one containing the brane-world, the other containing 
AdS/CFT infinity] which have been sewn together along their boundaries, so that the 
negative branes correspond to "internal boundaries" [27]. Therefore, our negative branes 
are like those in [35]: "...just part of a background, not something which can be dynamically 
created anywhere in space" . There is however one difference: the negative tension branes 
of [35] are at the "end of the Universe" , so we cannot ask what happens if some object 
passes through them in either direction. Our negative branes lie between two regions of 
the five-dimensional world, so for us this is potentially very important. We return to this 
below. 

Whether or not our negative branes are as innocuous as we claim, they are in any case 
hidden in the throats of the wormhole; if the latter are sufficiently narrow and far away, 
then the negative branes are effectively inaccessible. This brings us to the second point 

TT 

raised above, the fact that a is so close to — . We can show that this is indeed the case as 

2 
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follows. Equation (IV. 1), together with the fact that the Ricci tensor is invariant under 
constant re-scalings of the metric, implies that 

3 
Ric(tan {a)g ) = y^cot (a) (tan {a)g ). 

Here ta,n^ {a)g^ is the metric induced on the brane world by the metric (IV. 3). Thus 
the cosmological constant of the brane- world is ;^cot^(a) [unless it is exactly zero, as in 
Section III]. This is positive and very small, as observations suggest, only if a is slightly 
larger than — . 

TV 

Since a is indeed so close to — , the throats of the wormhole are very narrow and very 
far away from the brane- world. As the Randall- Sundrum scenario is, despite appearances 
to the contrary, entirely local [36], the existence of the wormhole cannot be detected. For 
example, the presence of the wormhole will not affect the detailed comparison made in 
[10], with which we began. [Note incidentally that [10] uses the exact AdS/CFT relation 
A^^ = 7rL^/2G5, which is only consistent if the cutoff is taken at a large value of y in (I.l); 

TV 

as we have seen, this means, once again, that a is slightly larger than — .] In other words, 
despite the fact that the real structure of the space used in this work is very different to 
the one used in [5], [6], [9], and [10], it leads to essentially the same results. 

Can our approach ever lead to something quantitatively new? We believe that the 
answer is yes, because we hope that it will eventually be possible to understand the value 

IT 

of a in a dynamical way. That is, possibly a was not close to — in the early Universe — 

indeed, the formula for the cosmological constant, -^cot'^{a), suggests that a was originally 
quite small, if the Universe had an inflationary period [37]. In that case, in the early 
Universe the throats of the wormhole were nearby and relatively large, so that access to 
the AdS/CFT region was not impeded. The consequences of this might well have been 
profound. To analyse them, we will need a good understanding of the dynamics of moving, 
asymmetrical branes [38] , as well as of the precise ways in which signals can be transmitted 
from one side of a negative brane to the other. This latter problem will be particularly 
challenging, but very recent advances in the relevant mathematical techniques [39] offer 
hope that the wormhole picture will eventually make some specific predictions related to the 
early Universe. Even at this point one can see the kind of influence the AdS/CFT parent 
universe can exercise on the brane-world, as follows. The topology of the brane world must 
be related [via cobordism] to that of the AdS/CFT world. The AdS manifold itself can 
be generalised to other negatively curved non-compact spaces with other topologies, but 
many possible topologies are forbidden by stability considerations [40]. Thus, the existence 
of the wormhole will directly constrain the topology of the brane-world. 

The overall picture presented here may therefore be described as follows. One can 
imagine that "spacetime foam" in the AdS/CFT background could lead to the formation 
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of a wormhole. Inside this wormhole, the Universe forms as a positive-tension "kink" . At 
this early stage it is strongly influenced by the parent universe, but the dynamics causes 
a to approach — , effectively cutting off the Randall- Sundrum space from the parent. 
The smallness of the observed cosmological constant is now simply a reflection of the fact 
that the wormhole throats are far away and very narrow. The only current traces of the 
AdS/CFT parent are to be found in relics — including cosmic topology — of the very early 
Universe. 
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